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This talk is about one of the great themes in the history of science is unification: taking two
realms that had been separate and showing that they are different manifestations of the same
thing. The first unification may have been between the heavens and the earth. Aristotle taught
that the heavens were unchanging, whereas the earth is manifestly changeable. Heavenly motion
is circular, and circular motion must be eternal. On earth the natural state of a body is at rest; a
moving body slows down because it “wants” to be at rest. Everything is made of earth, air, fire,
and water, and “wants” to be with its natural element. A stone falls because it is made of earth,
so it wants to be with the earth. Smoke rises because it is air, and wants to be with the air. This
suite of ideas was congenial to the Catholic Church, which considered the heavens to be the
abode of God, while the earth was the locus of change and decay. Copernicus put the sun in the
center of the universe, perhaps partly because the sun, as source of light and life, deserves the
place of honor. This is reminiscent of the philosophy called neo-Platonism. (A Greek Orthodox
scholar once expressed amusement that medieval Roman Christians would debate which of two
pagan philosophers was the proper model for Christian thought.)

Galileo began the unification of heaven and earth by using the principle of impetus, that is the
idea that rest or motion are different states of a body, not something inherently natural to the
body. Galileo urged the Copernican model. In a theme that we’ll return to, Galileo would have
gotten into less trouble with the Church if he had been willing to accept the idea of heliocentrism
as a mathematical model, rather than insisting that it was real. (He’d have gotten into a whole lot
less trouble if he hadn’t cast one of the characters in his dialogue in a way that the Pope
considered personally insulting.)

The German mathematics teacher Johannes Kepler published a version of Copernicus’s model
that arranged the planets according to geometrical principles. Tycho Brahe sent Kepler a letter
saying that his model wasn’t compatible with Tycho’s observations; eventually Tycho gave
Kepler financial support for analyzing the data. At this time astronomy was one aspect of
astrology; astronomers, including Kepler, would cast horoscopes for money.



Tycho is usually characterized as a Danish nobleman,

| which he was, but it’s more appropriate to say that he was
the last and greatest naked-eye astronomer. He designed
and commissioned a collection of instruments, great
wooden arcs with nails at intervals, with a chair at the
center. As a planet crossed a nail, Tycho would announce
it to an assistant, who marked the time. Tycho was very
jealous of his data, bur after Tycho’s death Kelpler
managed to steal the data while Tycho’s heirs were
occupied. Kepler took all this data and tried to develop a
mathematical description of the motions of the planets.
Later mathematicians codified his observations into three
laws: (1) A planet moves in an ellipse, with the sun at one
focus; (2) the line from the sun to the planet sweeps out
equal areas in equal times (which means that the planet
moves faster near the sun). (The third law is pretty
technical.) Kepler also improved the design of Galileo’s telescope, including a rearrangement of
the lenses that made possible much more accurate measurements of positions.

Isaac Newton, and maybe others, gave the unification of heaven and earth a great boost by
showing that Kepler’s laws follow from the postulates that every body in the universe attracts
every other, and that the force of the attraction falls off as the square of the distance. This also
cemented the union of astronomy and physics, which had thus far been controversial. Newton
told the story of seeing an apple fall, and wondered if the moon fell in the same way. Assuming
that it did, he was able to derive Kepler’s laws. The problem with Newton’s “gravity” was that it
represented “action at a distance”, which presented philosophical problems. Newton expressly
denied any idea of what caused gravity: “Hypotheses non fingo”: I don’t frame hypotheses.

In 1828 Friedrich Wohler synthesized urea from non-organic chemicals, thus starting the
unification of biology with chemistry. This continues: in the introduction to one of the
embryology texts I have, the author says that one previous edition was actually shorter than its
predecessor, because new discoveries had make it possible to combine the presentations of what
had been two major topics.

In the 1800s, James Clerk Maxwell used Michael Faraday’s observations to unify electricity and
magnetism. Faraday had shown that a current moving through a wire could move the needle of a
magnetic compass, also that moving a magnet past a wire could generate a current. Maxwell
devised four equations to explain all this. Consider two of them. In a vacuum:
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The first equation says that the shape of the electric field (E) is produced by the change in the
magnetic field (B). The second says that the shape of the magnetic field is produced by the
change in the electric field, times po. €y, where the two Greek letters represent how well space
responds to magnetic fields and electric fields. Combining the two equations gives the equation
for a wave that travels at a speed given by
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Using the experimental values for upand g, Maxwell found that c is the speed of light. In other
words, Maxwell showed what light is. The changing magnetic field generates a changing electric
field, which generates a changing magnetic field. The energy of the two fields slosh back and
forth, at right angles; the slosh travels through space at the speed of light. Because, of course, it
is light.

E:

Physicists at the end of the 19" century were feeling pretty good. In 1900, William Thompson,
better known as Lord Kelvin, could say that the “The beauty and clearness of the dynamical
theory, which asserts heat and light to be modes of motion, is at present obscured by two clouds..
The first came into existence with the undulatory theory of light, and ... involved the question,
how could the earth move through an elastic solid, such as essentially is the luminiferous ether?
The second is the Maxwell-Boltzmann doctrine regarding the partition of energy.”

The “cloud” of partition of energy led to quantum mechanics, which is the subject next time.

The “cloud” of the earth moving through the ether refers to the Michelson-Morley experiment.
Newton thought that light was particles, but a number of experiments, culminating in Maxwell’s
equations, showed that it’s actually a transverse (up and down) wave, or “undulation”. But we
think of a wave as in something, like water. So physicists came up with the “luminiferous
ether”. But the ether would have to be very rigid to support the high frequencies of light; at the
same time it would have to be very thin to allow the earth to orbit for a long time without
friction.



In 1895 Albert Michelson and Edward Morley set up an experiment that looked like this:
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The circle represents a large slab of granite, floating in mercury to dampen vibration. A ray of
light enters from the left. Some of it is reflected from the half-silvered mirror in the center to the
mirror at the top, some goes on to the mirror on the right. The light from both of the peripheral
mirrors is reflected, some of it getting to the telescope. The beams from the two mirrors will
interfere, creating interference fringes, the red bulls-eye.

Assume that the earth moves through the ether, and that the speed of light is constant with
respect to the ether. So the speed of light as we measure it will depend on how we are moving
through the ether. Assume that in this case the “ether wind” is moving downward relative to the
page. The light will move more slowly upward (against the ether) and faster downward (with the
ether). The time lost going against the ether is greater than the time gained with the ether. The
light path across the page won’t be affected. Now turn the apparatus 90 degrees. The paths along
the ether will now be crosswise to the telescope, so the interference fringes should change.

They don’t. The original experiment showed a slight shift, but within the calculated margin of
error. The experiment has been repeated several times in different ways, always with a null
result: The fringes don’t shift.

We’re left with two possibilities. One possibility is that the ether moves with the earth. But there
is astronomical evidence that this doesn’t happen. The other possibility is that there is no ether.
Physicists eventually concluded that “ether” was nothing more than a subject for the verb “to
undulate”.



The physicists George Fitzgerald in Ireland and Hendrik Lorentz independently came up with the
suggestion that the null result could be explained by assuming that the apparatus contracts in the
direction of motion by a factor of
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This is the famous Lorentz-Fitzgerald contraction. Neither physicist could give any justification
for the formula; it’s just a mathematical representation. Recall that Galileo wouldn’t accept this
for Copernicus’s theory, but claimed it for Kepler’s.
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In 1905 Einstein solved the problem by unifying space and time.

Back to Galileo. Galileo may have been the first person to talk about invariance, the idea that
some things don’t change from one frame of reference to another. A frame of reference is a
system of measurement that lets you specify where you are. Latitude and longitude form a
familiar system. Every frame of reference has an origin, a place where measurement starts. For
latitude and longitude, this point is where the meridian of Greenwich crosses the equator, in the
Atlantic just south of Ghana. From there you can go north or south latitude, east or west
longitude. Or you can call the directions plus (east or north) and minus (west or south).

Usually you’ll want to use a frame of reference that moves with you. The origin now is where
you are at each moment; things that would be stationary in the original frame of reference are
now moving with respect to your new frame of reference.

Avristotle would have said that things behave differently if your frame of reference is moving.
The natural state of anything is at rest, so if you are carrying something with you, then let it go, it
will slow down and come to rest. This is a common experience; but Galileo pointed out that if
you are on a ship moving on a smooth sea, your frame of reference is on the ship. if a stone
dropped from the top of the mast you will see it fall straight down. An observer on shore will
see the stone moving sideways at the speed of the ship. As it accelerates downward it describes a
parabola.

To translate between Galilean frames of reference:

Galilean coordinate fransformation. L
One observer (me) is in the “rest” frame, y; the other
N i EN (you) is in a frame “moving” with speed v. This one
. ¥, we call the “prime” frame. The point P is stationary in
i the “rest” frame. At the start both origins are the
.......................................... P . .
yJ y,] same, and both of us will see P at the same distance .
a I . After time t | will still see point P at a distance x
vt =
5
Figure 1




from my origin. In the “moving” frame the point P will be moving to the left with speed v, SO
you will see P approaching you, at distance x’ = x — vt in your frame. The rate of time will be the
same in both frames.

For mathematics, we traditionally name the horizontal axis x and the vertical axis y. So a point
that is 2 units to the right on the x axis and 3 units up on y is called (2, 3), If there is another
point called (5,7), we can use the Pythagorean Theorem to get the distance between the points,

In the drawing, the solid line is the hypotenuse of our triangle, so it has a length of 5.

The distance between two points doesn’t change if you move to another frame of reference. You
make the same adjustments to each point; only the difference between the numbers is important.
This distance is an invariant of the transformation from one system to another.

Newton built on these observations to say that space and time
b are absolute, not dependent on the frame of reference. He
7 realized that he didn’t need either assumption; he just included
them for completeness.

Einstein took a different approach. He made two assumptions:

1. Newton’s laws are the same in all inertial frames of
reference. Galileo said the same thing.
e 2. The speed of light does not depend on the motion of the
source or of the observer.

The implications of assumption 2 are important. Imagine a laser firing a beam of light at a
mirror, at a distance S. The time for this transit is t = 2S/c. Now see this from the viewpoint of
an observer moving with a speed v. This observer can say that the laser/mirror is moving. So the
path of the light is two diagonal lines. The distance along these lines is greater than the distance
seen by the observer moving with the laser, so since the speed of light is the same for both, the
time will be greater for the “moving” observer. Going through the algebra, with T the time
measured by the “stationary” observer and t the time measured by the “moving” observer

This is the same factor as Lorentz and Fitzgerald came up with, but now we know why.



Let’s examine that formula, which appears all over

special relativity. If v is very small, v/c is also very
- small, so the denominator is very close to 1, and

effectively t = T. As v becomes larger, v/c gets
larger, which means that the denominator gets larger, so t gets longer. This is “time dilation”. As
v gets very close to c the fraction gets close to 1, so the denominator gets close to zero, and the
rate of time increases without limit. This means that nothing can get to the speed of light, let
alone exceed it.
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There‘s a similar equation for mass, which means that as relative speed approaches the speed of
light, the object appears to be heavier, and you have to work harder to accelerate the object. At
the speed of light the object would have infinite mass, which means that you would have to put
an infinite amount of energy into the object to get it to the speed of light, which means you can’t
get there.

The contraction factor starts out small, stays small for quite a while, then gets large pretty fast
after relative speed gets to about 0.7c.

That’s really all there is to special relativity, that is, observing something moving with a constant
velocity.

Herman Minkowsky suggested combining space and time in the
frame of reference. (Minkowsky had been one of Einstein’s
teachers; he once called Einstein “a lazy dog”.) The horizontal
i axis is space, as before; the vertical axis is time. In the figure, we
= =" represent time in units of distance, that is time multiplied by the
' speed of light. Light travels about one foot per nanosecond (one
billionth of a second), so one minute becomes 3.6 trillion feet. .
(The official definition of the meter is “the distance travelled by
e L light during a time interval of 1/299,792,458 of a second”.)

The point W moves from O through P and Q; this path is called its “world line”. A point in
space-time is referred to as an event: point P here means that “at time t the object was at spatial
point x”. (In the real world we would have to consider all three spatial dimensions.)

Consider a ray of light traveling along the x axis. It travels through space (x) at the speed of
light; it also travels through time t (remember that we are now measuring time as distance) at the
same speed. So the world line of the ray of light is the diagonal line. The distance between two

points in space-time is given by 24+ 24 2=tor?= 2+ 24 2




Subtracting t* from each side, we have x* + y?+z*- t* = 0.. This is the invariant interval in space-
tine. Again, X is the distance between the x values of two points. In a frame of reference that is
moving with respect to another,

Now consider this diagram:

%M . e N On the bottqm figure we see an ob§erver between
t 1 =>  two strobe lights. We see the two lights flash, and
/ \ judge them to be simultaneous. The moving
%M 2/ LB & observer also sees them as simultaneous, because of
: N = course light travels at the same speed in his frame of
/ reference as in ours. But as we observe him, we see
° NS e Mﬂ o him moving toward the source on the right, away

from the source on the left. During the time the light
takes to travel from the right-hand source, the moving observer has shortened the distance, so the
light takes less time to get to him. In the same way, the light from the left travels a longer
distance to get to where he is, so the light from the left-hand strobe takes more time as we see it.
So while both we and the moving observer see the two flashes as simultaneous, we see him
seeing the right-hand flash before the left-hand one. So simultaneity is relative in a moving
frame of reference. (It doesn’t make any difference whether the strobes are moving or stationary;
the speed of light is the same in every case.) Remembering that the invariant is the square of
spatial distance minus the square of time distance, if follows that the balance between space and
time in a space-time interval can be different between observers in relative motion. Observers in
each frame will see time lengthened in the other frame, while space contracts. The sum of all
spatial squares, though, will always equal the square of the time.

General Relativity

Special relativity deals with motion at constant speed. Einstein adapted Minkowsky’s space-time
to deal with varying speed, which we call acceleration.



+ il Einstein’s insight was that we can’t distinguish acceleration from gravity.

1 2 @ He constructed the thought experiment of an elevator. In the drawing,
elevator 1 has suddenly begun to accelerate upward. Elevator 2 has
suddenly entered a gravitational field. Einstein’s principle is that the person

¥ in the elevator can'’t tell the difference between the two situations. If a beam
of light enters the side of elevator 1, the elevator will be moving upward
while the beam goes across; its path will be a parabola, just like the falling

- _ rock in the Galilean ship observed from shore. But this means that the light

© | wave in elevator 2 must behave the same way: Light has to respond to
gravity just as matter does. The first test of this was the deflection of
starlight during an eclipse in 1919. When the sun is not between the earth and the sun, we see the

star in the position of the line that starts solid and becomes dashed. With the sun in position, a

ray of light is bent, so that we see the star in the position represented by the line that starts

dashed and ends solid. (Someone asked Einstein what would have happened if the experiment
had failed. He replied “I would feel sorry for the good Lord in that case. The theory is correct.”)

Newton said that the gravitational field of matter causes the path of an object to curve; Einstein
said that every object moves in a straight line is space-time, but that matter causes space-time to
curve.

.Physicists say that motion along a curved line in regular space is accelerated, because the
velocity along each of the axes is always changing. Think of an observer on a rotating disk.
Observing this from a point on the disk closer to the center, you’ll see time moving more slowly
at the farther-out point, because points farther from the center move faster. If you are farther
from the center you will measure the circumference as being smaller, because the circumference
is moving faster and thus appears shorter. This means that you have to think of the disk as being
curved. On a flat disk the ratio of circumference to diameter, 7, 1s 3.14156... On the surved
surface of the earth, the circumference of the northern hemisphere is 25,000 miles; the radius is
12,500 miles, so = = 2. Centrifugal force is greater at the periphery, so the equivalent force of
gravity is greater. The equivalence of acceleration and gravity means that time goes more slowly
in a stronger gravitational field.

This is the idea that led Einstein to the model of curved space. In Newtonian space, the
gravitational force of matter causes the path of a body to curve; in Einsteinian space matter
causes space-time to curve; a body moves in a straight line in curved space-time.

As another way of looking at time in general relativity, consider a photon falling through a
gravitational field. A material falling body gains speed and energy as it falls. A photon can’t gain
speed — it always travels at the speed of light — but it does gain energy. This means, as we’ll see
next time, that its frequency increases. If we think of the photon as a clock (which is after all the
basis of atomic clocks), we conclude that time is going faster at the higher altitude, where gravity
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is less. This has to be considered in the global positioning system (GPS). The system consists of
24 satellites, each carrying an atomic clock. Each satellite continuously broadcasts the time on its
clock, along with its position in space. The receiver in your car tunes in to several satellites and
combines the information to get its own position. But since the satellite orbits are 22,000 miles
above the earth’s surface, where gravity is less, a receiver on the ground will see time going
faster. The apparent time will be slowed because the satellite is traveling at some speed,; the net
effect is that a clock in such an orbit will seem to lose about 45 microseconds per day, which
would result in an error of about six miles. So each clock is set before launch to run just a touch
slow when it’s in the higher gravity..

Just as light gains energy coming down, it loses energy going up. This means that the light gets
redder, called the gravitational red shift. If a photon loses all its energy, it never gets out. This is
the beginning of a black hole: a star so massive that its light never gets out.

APPENDIX

A geometric construction of the Pythagorean Theorem
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http://mathworld.wolfram.com/PythagoreanTheorem.html

